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Outline

> Today

1. Proximal Newton-type methods.
2. Composite self-concordant minimization

> Next week

1. Sourse separation
2. Convex geometry of linear inverse problems
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Recommended reading material

> A. Beck and M. Tebulle, A Fast Iterative Shrinkage-Thresholding Algorithm for
Linear Inverse Problems, SIAM J. Imaging Sciences, 2(1), 183-202, 20009.

> Y. Nesterov, Smooth minimization of non-smooth functions, Math. Program,
103(1), 127-152, 2005.

> Q. Tran-Dinh, A. Kyrillidis and V. Cevher, Composite Self-Concordant
Minimization, LIONS-EPFL Tech. Report. http://arxiv.org/abs/1308.2867,
2013.

> N. Parikh and S. Boyd, Proximal Algorithms, Foundations and Trends in
Optimization, 1(3):123-231, 2014.
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Motivation

Motivation

Data analytics problems in various disciplines can often be simplified to nonsmooth
composite convex minimization problems. To this end, this lecture provides efficient
numerical solution methods for such problems.

Intriguingly, composite minimization problems are far from generic nonsmooth
problems and we can exploit individual function structures to obtain numerical
solutions nearly as efficiently as if they are smooth problems.

-
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Composite convex minimization

Problem (Unconstrained composite convex minimization)

F* = min {F(x) = f(x) +9(0)} )

> f and g are both proper, closed, and convex.
> dom(F) := dom(f) N dom(g) # 0 and —co < F* < +o0.
> The solution set S* := {x* € dom(F) : F(x*) = F*} is nonempty.
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How can we better adapt to the local geometry?

Non-adaptive:

J(x)

Global quadratic upper bound
Qu(x.x")

< ox+t = arggn { £06) + (V1) )+ et}

IVf(@) = Vil < Ly — | sz

J0) < F64) + V) (- x) + x4
L is a global worst-case constant
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How can we better adapt to the local geometry?

Line-search:

Local quadratic upper bound

Qu, (x.x")

7 (xk) o xftl = argmxin{f(xk) +(Vf(x"),x —xF) + %Hx — kag}

V@)=Vl <Lly—=zl 22 F) < F(xE) + V()T (x — xF) + ng — X2

L is a global worst-case constant applies only locally
(x")
@z —
z
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How can we better adapt to the local geometry?
Variable metric:

1)

£(x") :
F) < ) + VT (0= x8) 4 5 l1x = xE [
2 ;
T
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The idea of the proximal-Newton method

Assumptions A.2
Assume that f € fi’L(RP) and g € Fprox(RP).
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The idea of the proximal-Newton method

Assumptions A.2
Assume that f € fi’L(RP) and g € Fprox(RP).

The idea of proximal-Newton method

v

Under Assumptions A.2, we can linearize the smooth term of the optimality
condition of (1): 0 € Vf(x*) 4+ dg(x*) as

0 € VF(x*) 4+ 0g(x*) = Vf(x*) + V2 f(x")T (x* — x*) + 9g(x*).

v

Similar to the classical Newton method in Lecture 3, we can generate an iterative
sequence {x*};>0 by solving the inclusion:

0 € Vf(x*) + V2 (x")T(x — x*) + dg(x) (2

to obtain xk+1.

v

The last condition is equivalent to

R arg){ré%r}){%(x—xk)TV2f(xk)(x—xk)—i-Vf(xk)T(x—xk)+g(x)}. 3)
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Proximal-Newton-type scheme
> The sequence {xk} generated by (3) is not necessarily convergent. Hence, a

sufficient descent condition is required.

> We can replace V2 f(x*) by a given approximate matrix Hy,.
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Proximal-Newton-type scheme

> The sequence {xk} generated by (3) is not necessarily convergent. Hence, a
sufficient descent condition is required.

> We can replace V2 f(x*) by a given approximate matrix Hy,.

Proximal-quasi-Newton-type algorithms:

> Let Hy =~ V2f(x*) be a symmetric positive definite (SDP) matrix. From (2), we
have
X —H V(") € (1+ H 1 0g) (%),

which leads to

k1 ._ E_ pr—1 k
x = proxHElg(x H, "Vf(x )) (4)
> By letting d* := x**1 — x*, (4) is equivalent to
1
dF = in {=d"H,d + Vf(x")"d Fid)} 5
argc{g&g@ rd + V() Td + g(xF +d)} (5)

Then d” is called a proximal-Newton-type direction.

> Proximal-Newton-type algorithm generates a sequence {xk}kzo starting from
x0 € RP and update:
xFH = xP 4 apdF, (6)

where d* is given by (5) and ay, € (0,1] is a damped step-size.
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How to find step size a;?

Lemma (Descent lemma [5])
Let x*(a) := xF + ad” for sufficiently small a € (0,1] and Hy, = 0. Then, we have:

F(x*(a)) < F(x*) — (1/2)a(d*)TH,d" + O(a?).

. V
ILHEN  Mathematics of Data: From Theory to Computation | Prof. Volkan Cevher, volkan.cevher@epfi.ch Slide 12/ 47 !‘l ﬂ-




How to find step size a;?

Lemma (Descent lemma [5])
Let x*(a) := xF + ad” for sufficiently small a € (0,1] and Hy, = 0. Then, we have:

F(x*(a)) < F(x*) — (1/2)a(d*)TH,d" + O(a?).

Since Hy, > 0, this lemma tells us that:
> If d¥ # 0, then there exists a > 0 such that F(x*(a)) < F(x*).
> The value of o can be computed via backtracking line search.

> If d¥ = 0, then we can easily check that x* is a solution of (1).

-
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How to find step size a;?
Lemma (Descent lemma [5])
Let x*(a) := xF + ad” for sufficiently small a € (0,1] and Hy, = 0. Then, we have:

F(x*(a)) < F(x*) — (1/2)a(d*)TH,d" + O(a?).

Since Hy, > 0, this lemma tells us that:
> If d¥ # 0, then there exists a > 0 such that F(x*(a)) < F(x*).
> The value of o can be computed via backtracking line search.

> If d¥ = 0, then we can easily check that x* is a solution of (1).

Backtracking line-search

> Let
r = V) TdF 4+ g(xF 4 d¥) — g(x¥).

> Find the smallest integer number j > 0 such that oy, := 37 and
F(x* + apd®) < F(x") + cagry, (7)
where ¢ € (0,0.5] and 8 € (0,1) are two given constants (e.g., ¢ = 0.1 and
B =0.5).
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The proximal-Newton-type algorithm

We can summary the proximal-Newton-type method as follows:

Proximal-Newton algorithm (PNA)
1. Given xY € RP as a starting point. Choose ¢ := 0.1 and
B:=0.5
2. For k=0,1,---, perform the following steps:

2.1. Evaluate an SDP matrix Hy, =~ V2f(x*) and Vf(x*).

2.2. Compute d¥ := proxy -1, (xk - HIZIVf(xk)> —xk.
k
2.3. Find the smallest integer number j > 0 such that
F(x* + p/d*) < F(x*) + cflm,

and set oy, := 9.
2.4. Update x**1 := x¥ 4 apd*.

L]
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The proximal-Newton-type algorithm

We can summary the proximal-Newton-type method as follows:

Proximal-Newton algorithm (PNA)
1. Given xY € RP as a starting point. Choose ¢ := 0.1 and
B:=0.5
2. For k=0,1,---, perform the following steps:

2.1. Evaluate an SDP matrix Hy, =~ V2f(x*) and Vf(x*).

2.2. Compute d¥ := proxy -1, (xk - HIZIVf(xk)> —xk.
k
2.3. Find the smallest integer number j > 0 such that
F(x* + p/d*) < F(x*) + cflm,

and set oy, := 9.
2.4. Update x**1 := x¥ 4 apd*.

> If Hy = V2f£(x*), then PNA becomes a pure proximal-Newton algorithm.
» If Hp ~ V2f(xk), then PNA becomes a proximal-quasi-Newton algorithm.
> Main computation is Step 2.2, which requires a generalized prox-operator:

k -1 k
H;1g(x +H, Vf(x ))
> Let g(x) = p||x||1. When H, is not diagonal, the cost is the same as solving an
{1-regularized least squares, otherwise it is simply soft thresholding.

prox
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Convergence analysis

Assumption A.3.
> Problem (1): minx{F(x) := f(x) + g(x)} admits a solution x*.

> The subproblem Proxg—1 <xk 4 HIZIVf(xk)) is solved exactly for all k£ > 0.
k
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Convergence analysis

Assumption A.3.
> Problem (1): minx{F(x) := f(x) + g(x)} admits a solution x*.

> The subproblem Proxg—1 <xk 4 HIZIVf(xk)> is solved exactly for all k£ > 0.
k

Theorem (Global convergence [5])
Assumptions:

> The sequence {x*} ;>0 is generated by PNA.

> Assumption A.3. is satisfied.

> There exists pn > 0 such that Hy, > ul for all k > 0.
Conclusion:

> {xk}kzo globally converges to a solution x* of (1).

> We have not yet obtained a global convergence rate of proximal-Newton
methods.

-
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Convergence analysis

Assumption A.3.
> Problem (1): minx{F(x) := f(x) + g(x)} admits a solution x*.

> The subproblem Proxg—1 <xk 4 HIZIVf(xk)> is solved exactly for all k£ > 0.
k

Theorem (Local convergence [5])
Assumptions:

> The sequence {xk}kzo is generated by PNA.

> Assumption A.3. is satisfied.

» Exist 0 < p < Lo < 400 such that pl < Hy < Lol for all sufficiently large k.
Conclusion:

> IfHy = V2f(xF), then ay, = 1 for k sufficiently large (full-step).

> IfHy = V2f(xF), then {x*} locally converges to x* at a quadratic rate.

> If Hy, satisfies the Dennis-Moré condition:

f IO = V26 b4 —xby)

0, 8
Pmries [[xF T = xF|| (8)

then {x*} locally converges to x* at a super linear rate.

-
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How to compute the approximation H;?

> Solving proxg -1, (xk + HIZlVf(xk)) exactly for a non-diagonal matrix Hy, is
k
impractical.

> This problem is solved iteratively by using, e.g., FISTA except for the special
cases of Hy.
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How to compute the approximation H;?

> Solving proxg -1, (x’C + HIZlVf(xk)) exactly for a non-diagonal matrix Hy, is
k
impractical.

> This problem is solved iteratively by using, e.g., FISTA except for the special
cases of Hy.

How to update H;?

Matrix Hy can be updated by using low-rank updates.
> BFGS update: maintain the Dennis-Moré condition and Hy, > 0.
yryr  HpspsTHyg

Hypq :=Hg + - , Ho =171, (y>0).
sgyk sZHksk

where yj 1= Vf(xFt1) — Vf(x*) and s, := xk*+1 — x*.

> Diagonal+Rank-1 [2]: computing PN direction d¥ is in polynomial time, but it
does not maintain the Dennis-Moré condition:

Hy, = Dy + weuf, uy = (s, — Hoyx)/\/(sk — Hoyx) Ty,

where Dy, is a positive diagonal matrix.
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Advantages and disadvantages

Advantages

>

>

v

lions@epfl

PNA has fast local convergence rate (super-linear or quadratic)

Numerical robustness under the inexactness/noise (inexact proximal-Newton
method [5]).

Quasi-Newton method is useful if the evaluation of V2 f is expensive.

Suitable for problems with many data points but few parameters. For example,
problems of the form:

n

¥ oo ] ol )

F '_igl@rg) ij(ajx+b])+g(x) ,
j=1

where £; is twice continuously differentiable and convex, g € Fprox, p K n.

o
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Advantages and disadvantages

Advantages

> PNA has fast local convergence rate (super-linear or quadratic)

> Numerical robustness under the inexactness/noise (inexact proximal-Newton
method [5]).

> Quasi-Newton method is useful if the evaluation of V2 f is expensive.

v

Suitable for problems with many data points but few parameters. For example,
problems of the form:

n

¥ oo ] ol )

F .—;renﬂg) ij(ajx+b])+g(x) ,
j=1

where £; is twice continuously differentiable and convex, g € Fprox, p K n.

Disadvantages

> Expensive iteration compared to proximal-gradient methods.

> Global convergence rate may be worse than accelerated proximal-gradient
methods.

> Requires a good initial point to get fast local convergence, which is hard to find.

> Requires strict conditions for global/local convergence analysis.

-
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Example 1: Sparse logistic regression

Problem (Sparse logistic regression)

Given a sample vector a € RP and a binary class label vector b € {—1,+1}". The
conditional probability of a label b given a is defined as:

P(bla, x, ) = 1/(1 + e~ atm)),

where x € RP is a weight vector, y is called the intercept.
Goal: Find a sparse-weight vector x via the maximum likelihood principle.
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Example 1: Sparse logistic regression

Problem (Sparse logistic regression)

Given a sample vector a € RP and a binary class label vector b € {—1,+1}". The
conditional probability of a label b given a is defined as:

P(bla, x, ) = 1/(1 + e~ atm)),

where x € RP is a weight vector, y is called the intercept.
Goal: Find a sparse-weight vector x via the maximum likelihood principle.

Optimization formulation

. T
min { 237 20T x+ ) +plxl |, ©)
=1
9(x)

f(x)

where a; is the i-th row of data matrix A in R"*P, p > 0 is a regularization
parameter, and £ is the logistic loss function £(7) :=log(1 + e~ 7).
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Example: Sparse logistic regression

Real data

> Real data: w2a with n = 3470 data points, p = 300 features
> Available at
http://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/binary.html.

Parameters

> Tolerance 106,
> L-BFGS memory m = 50.

> Ground truth: Get a high accuracy approximation of x* and f* by TFOCS with
tolerance 10712,
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Example: Sparse logistic regression-Numerical results

(F(x*) = F*)/F* in log scale

lions@epfl

+ Pure Newto
X Quasi- e\nton with BEGS

O Quasi-Newton with L-BFGS
Accelerated gradient method
Line Search AGD with adaptive restart

’ 10' 10° 10

3

Number of iterations
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+ Pure Newton
10 X Que Newton with BEFGS
Quasi-Newton with L-BFGS

@ Accelerated gradient method
73 Line Search AGD with adaptive restart
2 —
Wi o
3
&
10
[$9
|
=
N
[

10°

* 10° 107 10" 10° 10"
Time (s)
Slide 19/ 47
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Example 2: /;-regularized least squares

Problem (¢;-regularized least squares)
Given A € R*"*P and b € R", solve:

1
F* o= min { P60 = 3 1A%~ b + plxl | (10)
xERP 2

where p > 0 is a regularization parameter.
Complexity per iterations
> Evaluating Vf(x*) = AT(Ax" — b) requires one Ax and one ATy.

> One soft-thresholding operator prox, ,(x) = sign(x) ® max{|x| — p, 0}.

> Optional: Evaluating L = ||[AT A|| (spectral norm) - via power iterations (e.g.,
20 iterations, each iteration requires one Ax and one ATy).

L]
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Example 2: /;-regularized least squares

Problem (¢;-regularized least squares)
Given A € R"*P and b € R", solve:

1
F* o= min { P60 = 3 1A%~ b + plxl | (10)
xERP 2

where p > 0 is a regularization parameter.
Complexity per iterations

> Evaluating Vf(x*) = AT(Ax" — b) requires one Ax and one ATy.
> One soft-thresholding operator prox, ,(x) = sign(x) ® max{|x| — p, 0}.

> Optional: Evaluating L = ||[AT A|| (spectral norm) - via power iterations (e.g.,
20 iterations, each iteration requires one Ax and one ATy).

Synthetic data generation

> A :=randn(n,p) - standard Gaussian N/ (0,I).
> x* is a s-sparse vector generated randomly.
> b:= Ax* + N(0,1073).

o



Example 2: /;-regularized least squares - Numerical results - Trial 1

Parameters: n = 750, p = 2000,s = 200,p =1

10* 10 3 —
4+ Quasi-Newton with diagonal+rank1 4+ Quasi-Newton w1ﬁh diagonal+rank1
X Accelerated gmdl@nt method X Accelerated gradient method
2 AGD with restarf 10? {) AGD with restart
10 Line search ACD with restart Line search AGD with restart

(F(xF) — FP*)/F* in log scale
(F(xF) — F*)/F* in log scale

" [¥nn

A
0 500 1000 1500 2000 0 2 4 6 8 10 12
Number of iterations Time (s)

-
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Example 2: /;-regularized least squares - Numerical results - Trial 2

Parameters: n = 750, p = 2000,s = 200,p =1

(F(x*) = F*)/F* in log scale
.
5

|

X Accelerated gradient method

<> AGD with restart
Line search AGD with restart

4+ Quasi-Newton with diagonal+rankl

aa

10
0

lions@epfl

500 1000
Number of iterations

1500
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2000

(F(x*) — F*)/F* in log scale

4+ Quasi-Newton with diagonal+rankl
X Accelerated gradient method
<> AGD with restart

Line search AGD with restart

NAnaa
10

Time (s)
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Outline

> Today

1. Proximal Newton-type methods.
2. Composite self-concordant minimization

> Next week

1. Sourse separation
2. Convex geometry of linear inverse problems
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Composite self-concordant minimization

Composite self-concordant minimization (CSM) problem [11]

Fr— xeg.lrinrtF) {Fe) = )+ 9}, (11)

> f € Fa(dom(f)) - self-concordant on dom(f) := {x € R : f(x) < +oo}
> g € Fprox(RP)
> dom(F) := dom(f) N dom(g)
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Composite self-concordant minimization
Composite self-concordant minimization (CSM) problem [11]

pri= min (P = 109 +909}, (”)
> f € Fa(dom(f)) - self-concordant on dom(f) := {x € RP : f(x) < +oco}
> g€ fprox(Rp)
» dom(F) := dom(f) N dom(g)

Why is composite self-concordant minimization?

> A self-concordant function is not necessarily Lipschitz gradient.

L — Lipschitz gradient

S—

 — strongly convex Self-concordant

> Covers many well-known examples.
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Self-concordant functions in higher dimensions
Definition (Self-concordant functions [7, 6])
> A function f : R™ — R is said to be self-concordant with parameter M > 0 if
" ()] < Mo (%2,

where ¢(t) := f(x + tv) for all t € R, x € dom(f) and v € R™ and
x + tv € dom(f).

> When M = 2, the function f is said to be a standard self-concordant.
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Self-concordant functions in higher dimensions
Definition (Self-concordant functions [7, 6])
> A function f : R™ — R is said to be self-concordant with parameter M > 0 if
" ()] < Mo (%2,

where ¢(t) := f(x + tv) for all t € R, x € dom(f) and v € R™ and
x + tv € dom(f).

> When M = 2, the function f is said to be a standard self-concordant.

Example

The function f(xz) = —logz is self-concordant. To see this, observe:
(@) =1/2%  f"(2) = ~2/2°.

Thus:

@ 2
2f”(r)3/2 2(1/1.2)3/2
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Self-concordant functions in higher dimensions
Definition (Self-concordant functions [7, 6])
> A function f : R™ — R is said to be self-concordant with parameter M > 0 if
" ()] < Mo (%2,

where ¢(t) := f(x + tv) for all t € R, x € dom(f) and v € R™ and
x +tv € dom(f).
> When M = 2, the function f is said to be a standard self-concordant.

f(x) = —log(x) and its derivative f’(x)

The function f(x) = — logx) The derivative f/(x) = —1/x

7 200
-a00

-600

~1/x

-800

>

f’(x) is not bounded near to@

— ~1000
*

T -1200

£(x) = — logx)
o o
s

-1400

n

-1600

P
~1800

~2000
o 0.2 0.4 0.6 0.8 1 ~0.05

x-axis

v
'
'
'
'
X
o

005 01 015 02 025 03 035 04 045
X-axis
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Self-concordant functions in higher dimensions

Definition (Self-concordant functions [7, 6])
> A function f : R™ — R is said to be self-concordant with parameter M > 0 if
" ()] < M (£)%/2,

where ¢(t) := f(x + tv) for all t € R, x € dom(f) and v € R™ and
x + tv € dom(f).

> When M = 2, the function f is said to be a standard self-concordant.

Example
Similarly, the following example functions are self-concordant
1. f(z) =zlogz — logw,
2. f(z) = Z:Zl log(b; — al'x) with domain
dom(f) = {x : alTx < bj,i= 1,..A,m},
3. f(X) = —logdet(X) with domain dom(f) = S+,
4. f(x) = —log (xTPx +qTx + r) with domain
dom(f) = {x : xTPx+qlx+7r > O} and —P € S},
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Two well-known examples

Graphical model selection

én;l’é { tr(20) — log det(O©) + pl||vec(O)]1 } (12)

F(x) 9(x)

where © > 0 means that © is symmetric and positive definite and p > 0 is a
regularization parameter and vec is the vectorization operator.
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Two well-known examples

Graphical model selection

min { tr(X0) — log det(O) + pl|vec(O)||1 }
[Shal U G G N ——"
f()

(12)

g(x)

where © > 0 means that © is symmetric and positive definite and p > 0 is a
regularization parameter and vec is the vectorization operator.

Poisson imaging reconstruction (with TV-norm regularizer)

n
i K log((K 13
_min {0, 3 oK), )+l } (13)
=1 =1
g(x)
f()
» K is a linear operator, y = (y1, ... ,yn)T

€ Zi is the observed vector of photon
counts.

> p > 0 is a regularization parameter,
> ||x||Tv is the TV-norm of x (see the above example).
lions@epfl
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Some geometric intuition behind self-concordant functions
Local norm
Local norm: [ullx := [0V (x)u] *

Utility functions: w, (1) = —7 —In(1 —7), 7 € [0,1) w(t)y=7—In(1+71), 7>0

15
08
Tos S,
g =4
2,4 B
' " 05|
02
0 0
T Y B T T 3 ; 5 {
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Some geometric intuition behind self-concordant functions
Local norm
Local norm: [[ullx := [UTV'J/(xyu]‘/z

Utility functions: w,(7) = —7 —In(1—7), 7 € [0,1)
1

w(t)=7—In(l+7), 7>0

I
0sl
Fos s
5 =z
Sour B
" * 05|
02
0 0
5oz o4 o5 o8 1 5 i 3 3

Basic properties [6]

Lower surrogate F) 2 fx) + V)T (y —x) +w(lly — x[lx) x,y € dom(f)
= - — —
Upper surrogate F¥) < FE) + V) (y = %) +w. (ly - x|lx) ly —xllx <1 |,
o I tocal '
Hessian surrogates (1= ly = x[x)*V?f(x) 2 V2 f(y) 2 (1= [ly = x[lx) >V /(%) Hy —X[x <1 4
~ -

L

Bound on gradient:

_x|2 —x[%
MS(Vf(y)—Vf(x),y—x)SM, Vx,y € dom(f).
T+ — xIlx L= lly =l

The right-hand side inequality holds for |y — x||x < 1.
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Variable metric proximal-gradient algorithm for SCM

Variable metric proximal operator

Given H > 0 and g € F(RP). The variable metric proximal operator of g is defined as

proxus, () i= arg min {o(y) + (/26 —xTH v =0} [ ()
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Variable metric proximal-gradient algorithm for SCM

Variable metric proximal operator

Given H > 0 and g € F(RP). The variable metric proximal operator of g is defined as

yERP

proxy, () := arg min {g<y) +(1/2)(y - 0)TH }(y - x>} (14)

Property (Basis properties of variable metric proximal operator)

1. proxyy,(x) is well-defined and single-valued (i.e., (14) has unique solution).

2. Optimality condition:
X € proxpy(x) + Hog(prox,(x)), x € RP.
3. x* is a fixed point of proxyy,(-):
0€9g9(x*) & x* = proxg,(x*).
4. Non-expansiveness:

Iproxss, (x) — proxery (Rl < llx — %1, Vx, % € RP.
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Variable metric proximal-gradient algorithm

lions@epfl

Variable metric proximal-gradient algorithm [11]

1. Choose xV € RP as a starting point and Hy > 0.
2. For k=0,1,---, perform:

dk = proxg, g gcxk - Hka(xk)) —xF, (15)
xktl = xF 4 oy dF,

where ap € (0,1] is a given step size. Update Hyq > 0 if
necessary.

Mathematics of Data: From Theory to Computation | Prof. Volkan Cevher, volkan.cevher@epfl.ch
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Variable metric proximal-gradient algorithm

Variable metric proximal-gradient algorithm [11]
1. Choose xY € RP as a starting point and Hp >~ 0.
2. For k=0,1,---, perform:

{ dk i= Proxyy, 4 gcxk - Hka(xk)) —xF, (15)

xktl = xF 4 oy dF,

where ap € (0,1] is a given step size. Update Hyq > 0 if
necessary.

Common choices of Hy,

> , we have proxyy, = prox,, and obtain a proximal-gradient method.

D | a diagonal matrix, proxgy, can be transformed into Prox, (by

scaling the variables) and we obtain a proximal-gradient method.

> | Hy = V2f(xF) ‘ we obtain a proximal-Newton method.

>

H, ~ V2f(xF)~! ‘ we obtain a proximal quasi-Newton method.

o
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Proximal-Newton method for CSM

Proximal-Newton algorithm (PNA)

1. Choose xU € dom(F') as a starting point.
2. For k=0,1,---, perform:

lions@epfl

B = VQf(xk)r
k — k -1 k k ; :
d = proxBlzlg (x -B, Vf(x )) —x", (PN direction)
Ak = ||d||xx, (PN decrement) (16)
agk = (1+ X)L, (step-size)
xktl = xF 4 oy dk.
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Proximal-Newton method for CSM

Proximal-Newton algorithm (PNA)
1. Choose xU € dom(F') as a starting point.
2. For k=0,1,---, perform:

B = VQf(xk)r
dk ‘= proxg-1, (xk - B_IVf(xk)) —x¥, (PN direction)
k
Ak = ||d||xx, (PN decrement) (16)
agk (1 + )\k)_l, (step-size)
xktl = xF 4 oy dk.

Complexity per iteration

> Evaluation of V2f(x*) and V f(x*) (closed form expressions).
> Computing proxyy, , requires to solve a strongly convex program (14).

> Computing proximal-Newton decrement )\ requires (d*)T'V £2(x*)d*.
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Global convergence

Lemma (Descent lemma [11])
Let {xk}kzo be the sequence generated by PNA. Then

| PO < Fcb) = w(hn) (17)

where w(7) ;=7 —In(1+7) >0 for 7 > 0.
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Global convergence

Lemma (Descent lemma [11])
Let {xk}kzo be the sequence generated by PNA. Then

[ FeH) < Feb) —w(d)

where w(7) ;=7 —In(1+7) >0 for 7 > 0.

Consequences
> [F(MT) = F*] < [F(xF) — F*] = w(Xy) for all k > 0.
» [F(xF) = F(x*] < [F(x0) = F*] = Y70 w(y).
s If A >A>0fork=0,...,K, then

[F(x") = F*] < [F(x°) = F*] = Kw(A).

The number of iterations to reach F(xX) — F* < ¢ is

e L%J 1

> Global convergence rate is just sublinear, i.e., O(1/k).

ICLHEN  Mathematics of Data: From Theory to Computation | Prof. Volkan Cevher, volkan.cevher@epfi.ch
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Proof of (17)

Sketch of proof.

>

v

lions@epfl

Let sk := x¥ 4+ d*. We have x*t1 — x¥ = o3, d* and
xFH = (1 — o )x¥ + sk,

By convexity of g:
g(F ) < (1 — ap)g(x*) + arg(s*), ax € (0,1].
By subgradient definition:
9(s%) < g(x*) +v(s")T (8" —x*), V¥ v(s*) € Dg(s").
Substituting (19) into (18) we get
g(x* 1) < g(xF) + agv(s)TdE.
By self-concordance of f (upper bound inequality):
FEFH) < FF) + VFOF) = %) wa (I = x),

under condition ||x*t! — x| 5 < 1.

Mathematics of Data: From Theory to Computation | Prof. Volkan Cevher, volkan.cevher@epfl.ch
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Proof of (17) (cont)

Sketch of proof (cont).
> Summing up (20) and (21) and using F := f + g, we get
F(xH) < PxF) + ap[VFF) + v(s9)) T +wn(aplld o). (22)
> From the optimality property 2 of (14) we have
VI(xF) +v(sF) = —v2f(xF)d*. (23)
> Plug (24) into (22) and use A := ||d¥||, », we get
FH) < P(xF) — ag X + wa ok ). (24)

> Let ¢p(a) := aA? — wa(adi) = aA? + ad, + In(1 — aXg). This function attains
the maximum at o = (1+ ;) ™! and (o) = A\, —In(1 + Ag). Hence, we have

F(xM1) < F(xF) — w(g),

which is (17).
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Local convergence

Theorem (Local quadratic convergence [11])
Let {x*} be the sequence generated by PNA. If ||x° — x* ||« < o¢ := 0.08763, then

[+ s e < e 2

. k=0,

where c* := 3.57.
Consequently, {xk}kzo converges to x* at a quadratic rate.
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Local convergence

Theorem (Local quadratic convergence [11])
Let {x*} be the sequence generated by PNA. If ||x° — x* ||« < o¢ := 0.08763, then

. k=0,

x*

[+ s e < [ —

where c* := 3.57.
Consequently, {x*},>0 converges to x* at a quadratic rate.

Quadratic convergence region

Let o := 0.08763. Then the quadratic convergence region O, is defined as:

\ Qp = {x €dom(F) : |Jx — x*||lx+ < o}. \

For any x° € Q,, {x*} converges to x* at a quadratic rate.

-
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Overall analytical worst-case complexity

coe | F(x%) — F* 4.56
Fiterations = { 0,021 J +0 <ln In ( .

global conyergence local convergerice

Can explicitly calculate

Line-search can
accelerate the
convergence

quadratic convergence
region

Q, :={x € dom(F) : [x—x*|

X*SO}
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Enhancements

Two new line-search strategies
The optimal step-size aj := (1 + Xp)~! provides a lower bound. Perform line-search
on [af, 1].

> Forward line-search: Start from aj and increase the step-size until meet 1.

> Enhanced backtracking: Start from 1 and decrease the step size until meet o}

e
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Enhancements

Two new line-search strategies

The optimal step-size aj := (1 + Xp)~! provides a lower bound. Perform line-search
on [af, 1].
> Forward line-search: Start from aj and increase the step-size until meet 1.

> Enhanced backtracking: Start from 1 and decrease the step size until meet o}

[llustration of three line-search strategies

Enhanced backtracking Forward line-search

0 Overjurnp/ ay Standard backtracking
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Example: Graphical model selection

Graphical model selection

min { tr(X0) — log det(O) + pl|vec(©)||1 }
00 I~ O~

1(©) 9(©)

V
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Example: Graphical model selection

Graphical model selection

min { tr(X0) — log det(O) + pl|vec(©)||1 }
00 I~ O~

1(©) 9(©)

Computational cost

> Vf(O) = vec(Z — @;1) and V2 f(©F) = @;1 ® 9;1 (®-Kronecker product).

> Compute the search direction dy via dualization:

Uj, = arg min {(1/2)trace((@kU)2) —+ trace(QkU)}7
[[vec(U)[loo <1

where Q, := p~1 (0,20, — 20}). Then d* := —((OxX — 1)y, + pO,ULO}).

> The proximal-Newton decrement Ag:

Ak = (p — 2trace(Wyg) + trace(Wi))1/27 Wy, := Ok (2 + pUy).
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Example: Graphical model selection

Graphical model selection

min { tr(X0) — log det(O) + pl|vec(©)||1 }
00 I~ O~

f(©) 9(©)
Computational cost

> Vf(O) = vec(Z — @;1) and V2 f(©F) = @;1 ® 9;1 (®-Kronecker product).

> Compute the search direction dy via dualization:

Uj, = arg min {(1/2)trace(((—)/€U)2) —+ trace(QkU)},
[[vec(U)[loo <1

where Qk = p_l(@kZ@k - 2®k) Then dk = —((@kE - I)@k + P@kUk@k)

> The proximal-Newton decrement Ag:
Ak = (p — 2trace(Wyg) + trace(Wi))l/Q7 Wy = Ok (X + pUyg).
Only need matrix-matrix multiplications
No Cholesky factorizations or matrix inversions

cf. Lecture 5 @ http://lions.epfl.ch/mathematics_of_data
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http://lions.epfl.ch/mathematics_of_data

Test on the real-data: Lymph and Leukemia

e PNA vs. QUIC:

» QUIC subproblem solver: special block-coordinate descent algorithm.

> PNA subproblem solver: general proximal-gradient algorithms.
On the average x5 acceleration (up to x15) over Matlab QUIC
e Convergence behavior:

p = 0.5 - Gene data (Genetic regulatory network)
Sparsity: 1.3%

Sparsity: 2%

Ll T

-

roximal-Newton
roximal-Newton (LS)

Y
'
'
'
'
[
'
'
]
[
[
[
'
'

'
'
.
v
S Proximal-Newton %
.. o Proximal-Newton (LS) \
o Quic N 107 =-QuIC K
07 5 10 15 20 0 5 10 15 20 25 30 35
# evaluation of F(x") # evaluation of F(x")
Lymph [p = 587] ~ 350,000 variables

Leukemia [p = 1255] ~ 1.5 millions variables

ODetails: Composite self-concordant minimization, Journal of Machine Learning Research, vol. 16, 2015
lions@epfl
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Proximal-gradient method for CSM

Choice of variable matrix and line-search condition

\Hk::LkL Lk>0\

Line search condition: Find the largest Ly such that:

2
A
(13

Lg <y := (25)
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Proximal-gradient method for CSM

Choice of variable matrix and line-search condition

\Hk::LkL Lk>0\

Line search condition: Find the largest Ly such that:

2
A
(13

Lg <y := (25)

Proximal-gradient algorithm (PGA)
1. Given € > 0. Choose xV € dom(F) as a starting point.
2. For k=0,1,---, perform:

2.1. Choose Ly, > 0 satisfies (25).

22 dF = prox)\kg(xk —  VF(xF)) — x*, with v := 1/Ly.
2.3. X = [|d¥ gk, Br == VIi[|d¥]l2-

2.4.If By < €, terminate.

2.5. Step size: oy, := B3 /(A (Ak + B2)).

2.6. Update x¥11 := x* 4+ o dF.

. V
ICLHEIN  Mathematics of Data: From Theory to Computation | Prof. Volkan Cevher, volkan.cevher@epfi.ch Slide 39/ 47 -ﬂ ﬂ.



Global convergence and local convergence

Theorem (Global convergence [11])

» If Ly > L >0 forall k>0 and Lp(F(x%)) := {x € dom(F) : F(x) < F(x%)} is
bounded from below, then {xk} generated by PGA converges to x*.

k k
S,;l E apx’?, where Sy, := E a; > 0.
=0 =0

> Let

Then

ICLHEI{N  Mathematics of Data: From Theory to Computation | Prof. Volkan Cevher, volkan.cevher@epfi.ch

)_Ck

F(xF) — F*

Ly
25y

0 2
lIx" = =2

, where Ek = max Lj.
0<5<k
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Global convergence and local convergence

Theorem (Global convergence [11])

» If Ly > L >0 forall k>0 and Lp(F(x%)) := {x € dom(F) : F(x) < F(x%)} is
bounded from below, then {xk} generated by PGA converges to x*.

> Let
k k
xF .= Slzl E apx’?, where Sy, := E a; > 0.
=0 =0

L _
—k”xo — x*||2 |, where Ly, := max Lj;.
28k, 0<j<k

Then | F(xF) — F* <

Theorem (Local convergence [11])
Assumptions:
> Let x* be the unique solution of (1) such that V2 f(x*) = 0.

> For k sufficiently large, if Dy, := LjI and max{|1 — Lk [,]1— L [} < %

¥ ¥
@ nfm 9 max

Conclusion: {x*}}.> generated by PGA converges to x* at a linear rate.
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Example 1: Graphical model selection

Graphical model selection

min { tr(X0) — log det(O) + pl|vec(O)|1 }
[Shal U G R, N —"2

f(©) 9(©)

V
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Example 1: Graphical model selection

Graphical model selection

min { tr(X0) — log det(O) + pl|vec(O)|1 }
[Shal U G R, N —"2
f(©) 9(©)
Linear convergence of PGA
Graph learning: Lymph [p = 587]
107 107 <
1.2}
1 %wo*
<fog ém—@
0.6 . 0 ? .
< 10— x* = x|« in log-seale = [[x* = x"|[x in log-scale
0.4 = === based line with x = 0.9935 === based line with &
20 40 60 80 100

02 04 0.6 0 20 40 60 80 100 0

” 100 last iterations 100 last iterations
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Improvement - greedy proximal gradient variant

Mathematical observation

Let us define

> s’gc =xF 4+ dF

> %P = (1 — ag)x? 4 agsP for ay, € (0,1].
ky < F(x*), then by convexity of F:

If F(s

g

F(sk)<F(x*)
<

FEF) = F((1— ar)x® + ag) < (1 — ap) F(x*) + ax F(s}) P(x*)
By comparing F(x*), F(s;) and F(%") we can pick x**1 as
ko ie ok k k
k1 _ ) S if sg € dom(F) and F(sg) < F(x"),
%k otherwise.
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Improvement - greedy proximal gradient variant

Visualization of the idea

P |
Fiab [
o
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Example 2: Poisson imaging reconstruction

Optimization problem with TV-norm

n

i {37005 = 3 itog((k00) + plxlry |

i=1 i=1

()

g(x)

V
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Example 2: Poisson imaging reconstruction

Optimization problem with TV-norm

n

min {37000 = 3 s los((600) + plxlry |

g(x)

XERNXP
i=1 i=1

()

Convergence of PGA, greedy PGA and SPIRAL-TAP

= = = ProxGrad2 ©

T = = ProxGrad2g =
* — SPIRAL-TAP| 7
20

x .

TR "

B - - =ProxGrad2 "

| _g|| == ProxGrad2g "

: 10 1| — SPIRAL-TAP "

100 200f ” StOO 400 500 107 107 10° 102 10°
# of iterations Time (sec.) in log-scale
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Example 2: Poisson imaging reconstruction - cont.

Visualization of the outcome - cameraman

Poisson noise image

Original image image (ProxGrad) imag g ~TAF

)|
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Overview of algorithms/complexity

[ Assumption [ Algorithm [ Convergence rate (&) [ Complexity per iteration ]
[ ‘ Subgradient ‘ 01/ Vk) ‘ 1 sub-gradient of f, g ‘
| f.9 € F®P) | Bundle method | o@a/vE) | 1sub-gradientof f, g |
Mirror-descent o1/ Vk) 1 sub-gradient of f, g
Proximal-gradient O(1/k) (p = 0), lin- 1 gradient, 1 prox opera-
ear (n > 0) tor
fe ]-_111’1‘ (RP), g€ Accelerated proximal- O(1/Kk?) (u = 0), lin- 1 gradient, 1 or 2 prox op-
h gradient ear (n > 0) erator(s)

Fprox(R™)

Proximal quasi-Newton

locally superlinear, glob-
ally sublinear

One gradient, rank-2 up-
date

Proximal Newton

locally quadratic, locally

One gradient, one Hessian

‘ f,g9 € -Fprox(Rn)

|
|

sublinear O(1/k%), inverse
1<s<3
Peaceman-Douglas O(1/k)-ergodic > 1 prox operator(s) f,
g
‘ Douglas-Rachford ‘ O(1/k)-ergodic ‘ > 1 prox operator(s) f, ‘
g
ALM O(1/k?) > 1 prox operator(s) f,
g
ADMM > 1 prox operator(s) f,
g

|

‘ O(1/k)

|

> ALM = augmented Lagrangian method, ADMM = alternating direction method of multiplier.

> F = class of proper, closed convex functions.

> ]-‘i’; = class of strongly convex functions with Lipschitz gradient.
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Overview of algorithms/complexity

[ Assumption [ Algorithm [ Convergence rate [ Complexity per iteration |
‘ ‘ Subgradient ‘ 01/ Vk) ‘ 1 sub-gradient of f, g ‘
‘ f, 9 € F(RP) ‘ Bundle method ‘ O(1/Vk) ‘ 1 sub-gradient of f, g ‘
‘ Mirror- nt | Q(l k) | 1 sub-gradient of f, g ‘
Proximal-gradient O(1/k) (p = 0), lin- 1 gradient, 1 prox opera-
ear (u > 0) tor
rer; (RP), g€ Accelerated proxlmal— O(1/k%) (n = 0), lin- 1 gradient, 1 or 2 prox op-
]_-pmx(]gfn) gradient ear (n > 0) erator(s)
Proximal quasi-Newton locally superlinear, glob- One gradient, rank-2 up-
ally sublinear date
Proximal Newton locally quadratic, locally One gradient, one Hessian
sublinear O(1/k%), inverse
1<s<3
\ 'Peace”rrﬁan-l)ougﬂas (1 Ic)-erEoEllc >1 prox operator(s) f, g \
| f,9 € Forox(R™) | Douglas-Rachford | O(1/k)-ergodic | > 1 prox operator(s) f, g |
‘ ‘ ALM ‘ O(1/k?) ‘ > 1 prox operator(s) f, g ‘
| | ADMM | o1/k) | > 1 prox operator(s) f, g |

> ALM = augmented Lagrangian method, ADMM = alternating direction method of multiplier.

> F = class of proper, closed convex functions.
> ]:11,’;1; = class of strongly convex functions with Lipschitz gradient.
B

Fprox = class of convex functions with tractable prox-operator.
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